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ABSTRACT 

We perform a careful investigation of which p-form fields can be introduced consis- 
tently with the supersymmetry algebra of IIA and/or IIB ten-dimensional supergravity. 
In particular the ten-forms, also known as "top-forms", require a careful analysis since 
in this case, as we will show, closure of the supersymmetry algebra at the linear level 
does not imply closure at the non-linear level. Consequently, some of the (IIA and IIB) 
ten-form potentials introduced in earlier work of some of us are discarded. At the same 
time we show that new ten-form potentials, consistent with the full non-linear supersym- 
metry algebra can be introduced. We give a superspace explanation of our work. All of 
our results are precisely in line with the predictions of the En algebra. 



1 Introduction 



Supergravity theories provide important information about string theory. In particular, 
the p-form fields of the supergravity multiplet are in one-to-one correspondence, via their 
occurrence in the world-volume actions, with the branes of string theory provided that 
supersymmetry can be maintained. 1 The p-form fields with p < D — 2 can be easily 
predicted since they describe the physical states (or their duals) of the (D-dimensional) 
supergravity theory in question. This is not the case for the potentials of rank p = D — 1 
("de-form" potentials) and rank p = D ("top-form" potentials). A well-known example 
of a de-form potential is the 9-form potential [1] of massive IIA supergravity [2] that 
gives a dual description of the mass parameter m present in the theory. 

Ten-dimensional super gravities have been constructed a long time ago both for the 
non-chiral IIA case [3, 4, 5] as well as for the chiral IIB case [6, 7, 8]. A partially "demo- 
cratic" formulation of these theories, where all the RR fields are introduced together 
with their magnetic duals, was given in [9] and [10]. This was then extended to a fully 
democratic formulation, including also the magnetic duals of the NS fields for both the 
IIA [11] and IIB [12] cases. This analysis also included a fairly complete discussion of 
the de-form and top-form potentials for IIA and IIB. A superspace interpretation of the 
latter case was given in [13]. 

It is the purpose of this note to reconsider the results of [11, 12, 13]. The reason for 
this is the following. In [12] we showed that an SU(1, l)-doublet of ten-form potentials 
could be introduced, consistently with the lowest-order IIB supersymmetry algebra, with 
only trivial Abelian gauge transformations: 

8A? = dA%, a = 1,2. (1.1) 

In contrast, both E u [14] and IIB superspace [13] considerations predict a doublet ten- 
form potential that forms a non-trivial gauge algebra with the other p-forms of the theory. 
Moreover, as we will show in this paper, IIB superspace does not allow for two doublets. 
We will show that the different inconsistencies are resolved as follows. By performing 
an explicit check of the full non-linear supersymmetry algebra, we show that, whereas at 
the lowest-order level two doublets of ten-form potentials are allowed, this is no longer 
the case at the non-linear level: surprisingly, we find that the trivial doublet (1.1) is not 
consistent with the full IIB supersymmetry algebra. The same result applies to the IIA 
case. This is a rare example of a case that a result, established at the lowest-order level of 
the supersymmetry algebra, cannot be extended to the full non-linear level. It relies on 
the fact that top-forms are special in the sense that a general coordinate transformation 
can be rewritten as a gauge transformation. Consequently, when closing the algebra 
at the lowest order in fermions one "only" has to make sure that the algebra closes 
up to gauge transformations while for the lower rank potentials one needs both gauge 
transformations and g.c.t.'s. 

On the other hand, IIB superspace and En considerations do predict the existence of 
a doublet of ten-form potentials with a non-trivial gauge-symmetry structure which were 
not found in [12]. We show that this doublet was missed because of a specific identity 

1 An exception are those p-form fields that under supersymmetry do not transform into the gravitino. 
An example of this is the 8- form dual of the IIA dilaton, see the last line of eq. (3.4). 
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that was not used in the calculations. Here, we point out this identity and show that the 
supersymmetry algebra can now indeed be closed. For the IIA case we establish a similar 
result: we show that the trivial ten-form found in [11] does not persist at the non-linear 
level. Instead, by using a similar non-trivial identity as in the IIB case, we show that 
a new ten-form potential is allowed, with a non-trivial gauge algebra structure, that is 
consistent with the full non-linear IIA supersymmetry algebra. 

This paper is organised as follows. In section 2 we first discuss the ten-form potentials 
of IIB supergravity. In section 3 we give a similar discussion of the IIA case. Finally, in 
section 4 we give our conclusions. 



2 The Top-forms of IIB Supergravity 

In this section we want to reconsider the analysis of ten-form potentials present in the IIB 
supergravity multiplet that was performed in [12] . We will first review the supersymmetry 
algebra and the algebra of gauge transformations for all the propagating fields. We will 
then consider in more detail the 10-forms. Finally, we will review the superspace results 
of [13]. 



2.1 IIB supergravity 

The propagating fields of IIB supergravity and their magnetic duals are the vielbein e M a , 
two scalars parametrising the symmetric manifold 577(1, 1)/U(1) and described in terms 
of the matrix V±, where ± denotes the U(l) charge and a is a doublet index of 577(1, 1), 
a doublet of 2-forms -A® and a self-dual 4-form A^...^ that is a singlet of 577(1,1), 
together with a doublet of 6-forms M6 and a triplet of 8- forms . The gauge 

transformations of the form fields can be written in an abelian basis in which all gauge 
transformations commute, and in particular one gets 



<5A a 
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The supersymmetry transformations of these gauge fields 



<^,.., 6 = ^^ 1 ... w +40A [Ml ..., 4( 5 F ^ 5w] -20^ [M ... M4 ^ 5At6] , 

*<...„ 8 = + %A&...jFA» m] - \A^JfA^ s] (2.3) 

were derived in [12]. They have a particularly simple form, as pointed out in [11], in 
which all terms are at most linear in the gauge fields. Here we denote with Sf the part 
of the supersymmetry transformation that only involves fermi bilinears, that are [12] 

S f A 1iv» = 4iK_ Q e*7[Mi^ 2 ] + V- + cc. , 

SfA^...^ = e7 [m ... M3 ^ 4 ] + cc. , 

^w-w. = 12V -?1W-^m\ + iV^^.^X + cc. , 

S F Af^ s = 8Vf V^,..^] + tV^Vfr-y^X + cc. , (2.4) 

where all conventions are as in [7]. 

The commutators of two supersymmetry transformations on the fields and dual fields 
of type IIB were analysed in [12] at lowest order in the fermions. Given the transforma- 
tions of eq. (2.3), together with the transformations of the scalars and the vielbein 

&e* = + cc. (2.5) 

and the transformations of the fermions (without including cubic fermi terms) 

5X = iPtff - ^G^ p r up e , (2.6) 

where 

P, = -eapV^V? (2.7) 

and 

G tiv P = - e oLf)V+FP vp , (2.8) 

the commutators of two supersymmetry transformations on the bosons close on all the 
local symmetries of the theory, including the gauge transformations of eq. (2.1), provided 
that the duality relations 

pa _ _i y(ayf3) pj,vi...v 3 

1 Hi-.-Hr 3 c ^i.../i7^i---i'3 v + v - c P7" t ' 

= ie^iV^P; - V?V?P a ] (2.9) 

hold, together with the self-duality condition for the 5-form field-strength. What will 
be crucial in the following are the expressions for the gauge parameters of the gauge 
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transformations resulting from the commutators of two supersymmetry transformations 
that are purely fermi bilinears, that are 

A« = -2^7^ + c.c. , 
A;..., 5 = -2^ 7 ,,.., 5ei + c.c., 

Kt<* = -vf t^W..^ + c -c- • (2.10) 

In [7] the closure of the supersymmetry algebra on the scalars, the vielbein, the 2- 
forms and the 4-form, as well as on the fermions, was obtained at all orders in the 
fermions. Given that the supersymmetry algebra closes on-shell, this analysis was used 
to derive the field equations requiring the closure of the algebra on the fermi fields. Here 
we want to perform a similar analysis for all the bosonic fields and their duals. For 
simplicity we will only consider terms that are quadratic in the gravitino, that is we will 
ignore all the higher order fermi terms containing the spinor A. The advantage of this 
is that the modification of the supersymmetry transformations of eq. (2.6) and of the 
duality relations of eq. (2.9) are all determined by supercovariance as far as these terms 
are concerned. As it turns out, this analysis is sufficient to determine all the 10-forms 
that are compatible with supersymmetry, as will be shown in the next subsection. 

The expressions for the supercovariant spin connection and field strengths (only con- 
sidering terms quadratic in the gravitino) are 

&imb = ^pab + ie U a e P b[i>^[u^p] + 4>[vlp\4>p + 4>[vl\p\^p]} , 

= F p,..p« + [-6^f m 7^3] + ca] , 
Fpi...p,5 — Fpi...p5 — 5'0[ iUl 7 jU2 ... /14 , jU8 ] , 

= F;,.. M7 + i-42V«r [flllfl2 ...^ 7] + c.c] , 

= F pLp 9 - 72Vf \/^ l7M2 ...,A 9 ] • (2-11) 

The terms of the form e 2 ip 2 resulting in the commutators of two supersymmetry 
transformations on the form fields have two sources. The first are the terms, that we 
schematically write as [#f,5f]A, resulting from considering only the purely fermionic 
term in the supersymmetry variation of the form field, that is only the first term on the 
right hand side of each line of eq. (2.3). The resulting e 2 ip 2 terms can be immediately 
read by simply substituting the supercovariant quantities of eq. (2.11) to the bosonic 
result. The second source comes from the purely fermionic variation of the form fields 
in the A5 F A terms in eq. (2.3), that is the terms 5 F A5 F A. These can be immediately 
written using eq. (2.4), and in order to compare them to the previous ones one has to 
perform some Fierz rearrangements, using the Fierz identity 

= --^(xVO + gr w (rr p - ^^Ax^ paT ■ (2.12) 

Here x an d ip are two generic ten-dimensional spinors of the same chirality. 
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The final result is that the commutator of two supersymmetry transformations on the 
bosons generates a supersymmetry transformation of parameter 

c = -e^ , (2.i3) 

where 

^ = 1627^61 + c.c. . (2.14) 
This is the supersymmetry parameter of [7] as far as the gravitino terms are concerned. 



2.2 Ten-form Potentials 

We now want to extend this analysis to the 10-forms. In [12] it was shown that the 
supersymmetry algebra closes at lowest order in the fermions of a quadruplet and a 
doublet of 10-forms whose supersymmetry transformations are 

fiAafrl _20T/("y/3y7)-* ^ _ iV^V^V^ll X + C C 

"^Vi-.-MlO 3 + - - /[Ml-/"9r/ilo] lv + v - v - fc l(il-(ilo A ' uu 

-UA^ 5 F A j) ,+34 a 5 F A M) n 
^;,, 10 = 20tV«? lw ..^ lo] + V-e 7m ... Ml0 A + c.c. , (2.15) 
where the quadruplet has a non-trivial gauge transformation 

8Af\, = 109 [Ml A (a/37) , -\F^ A 7) 1 +32F r (Q k M) , (2.16) 
while the gauge transformation of the doublet is trivial: 

8 A™ „ = 10a ui A" „ , . (2.17) 

It turns out that there is an additional doublet of 10-forms .. Ml0 on which the 
supersymmetry algebra closes at lowest order in the fermions. The supersymmetry trans- 
formation of this additional 10-form is 

5A a 10 = -Vrei^X + c.c. + Qie^JMZ..^ + ^A^Jf A %...» w] 

-^SA^ 6 5 F A, 7 ..., 10] + me M A^_J F A^ w] (2.18) 
while its gauge transformation is 

~ 2 -¥K^ F ^ 0] + 96^ 7 <... W A;:.. M10] • (2.19) 



In order to prove that the commutator of two supersymmetry transformations of eq. (2.18) 
closes on the gauge transformations of eq. (2.19) one makes use of the crucial identities 

El A ct r\ 

- C >l-/*5-'V6-M10] ~~ U ' 

nc K a @ — _9Ar F a 

2iV«P { »-e 2l „ 0] eX + 2^ + Q P [ ; i e- 7 , 2 ..., 1 o]ei = ie^F^A^ , (2.20) 
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which are a consequence of the duality relations of eq. (2.9) and of the properties of the 
gamma matrices in ten dimensions. The reason why this additional doublet of 10-forms 
was missed in [12] is because these identities were not used in those calculations. Of 
course, the supersymmetry algebra closes at lowest order in the fermions on any linear 
combinations of the trivial and the non-trivial doublet, and combining the non-trivial 
doublet with the trivial one does not change the form of the gauge transformations of 
eq. (2.19). 

We now show that the non-trivial IIB doublet of 10-forms is precisely the one predicted 
by En. 2 The En analysis of the generators that is relevant for the IIB theory was 
performed originally in [15], while all the form generators were classified in [14]. The 
algebra involving all the form generators associated to the propagating form fields and 
the quadruplet of 10-form generators was derived in [16], where it was also shown that 
the symmetry of the group element exactly reproduces the gauge transformations of the 
corresponding fields as obtained in [12]. Including also the doublet of 10-form generators 
this algebra is 

W 2 , R f^\ = ie a pR^ 4 [K 1 ^ 2 , R^-^} = R^ 6 [R^ lfM2 , Rf-" s ] = R^f" 8 
[R^\ i^-^°] = R£~w K" 2 ,^-" 18 ] = R»£W + lie a{p R^-^ (2.21) 
with all the other commutators vanishing. One then considers the group element 

g = e D n -no n a ^ e^i -Mo"" ...e a , (2.22) 

where the -B's are the fields associated to each generator. Requiring symmetry under 
global transformations of the form g — > g g gives the global transformations of the fields, 
and in particular for the fields up to the 10-forms one gets 

UJD ^l^2 ~ <Vi/*2 ' 

r id „ _i_ i_ e „ct jd/3 

f pa a _i_ a r> _i_ i_ ft r)J p>ct 

r r>a(3 a/3 , (a td/3) . i_ 7 j^S r>a tjP in r>o\ 

0D i XX... i l % - "(Ul-MS + "[^2^3... MS] + 24 e 75 a [ mAt 2 jD M3M4 jD M5« jD ^ 8 ] ' \*-^) 

One then recovers the gauge transformations of the fields by promoting the constant 
shifts to gauge transformations: 

a^...„ n = n<9 [m £ M2 ... Mn] . (2.24) 

The algebraic construction that in general leads to the gauge transformations starting 
from the global En transformations was derived in [17]. One can show that after field 
redefinitions and redefinitions of the gauge parameters, the transformations of eq. (2.23) 
coincide with those of eq. (2.1). Similarly, one can determine from E u the transfor- 
mation of the 10-form doublet Q . After reinterpreting the global shifts as gauge 
transformations as in eq. (2.24) one obtains 

^Mi-MiO = 1( %i S M2...Mio] + 4 ^i S M2...M4 5 M5...Mio] + t ie PA^K2 B lt.Hio] 

+ <9 [M1 E M2 jB M3...M6 5 M7...MH>] + | e /37^1 S M2 jB M3M4 jB M5M6 jB M7...Ml(.] ■ ( 2 - 25 ) 



2 We ignore here the ambiguity related to the fact that one can always add a trivial IIB doublet (times 
a constant) to a non-trivial IIB doublet. The same applies to the IIA case. 
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After field redefinitions and redefinitions of the gauge parameters one can show that this 
gauge transformation coincides with the one in eq. (2.19). This thus shows that the new 
doublet of 10-forms A" is the one predicted by En. 

We now consider the commutator of two supersymmetry transformations on the 10- 
forms of IIB supergravity, only considering the terms that do not contain the spinor A. 
For the case of the quadruplet, the result is exactly as for the lower rank forms discussed 
in the previous subsection, and the commutator of two supersymmetry transformations 
generates a supersymmetry transformation with parameter as given in eq. (2.13). The 
picture changes when one considers the two doublets. One can immediately show using 
the ten-dimensional Fierz identities of eq. (2.12) that the supersymmetry algebra does 
not close on both the trivial doublet transforming as in eq. (2.15) and on the non-trivial 
doublet transforming as in eq. (2.18). Only for a particular combination of these two 
fields one obtains closure, and the result is that the only doublet of 10-forms compatible 
with supersymmetry is 

A% 1 ... fll0 - ft^i...//i • (2.26) 
This analysis thus produces the intriguing result that for top-forms the closure of the 
supersymmetry algebra at lowest order in the fermions does not in general guarantee 
actual closure at the full level. As we will see in the next section, the same result applies 
to the IIA case. 



2.3 IIB Superspace 

The superspace version of this story is of course equivalent to the component one just 
described, but the organisation of the calculation differs somewhat. In the superspace 
approach it is preferable to work with tensorial quantities, rather than gauge potentials, 
so that supersymmetry as well as gauge invariance is manifest at every step. On the 
other hand, the introduction of field strengths in the odd (spinorial) directions as well as 
the even (spacetime) ones, and the fact that each field is now a superfield, means that 
constraints must be imposed in order to get rid of the non-physical fields. The procedure 
is therefore to impose these on the various field strengths and then to check that they 
are consistent by examining the Bianchi identities. It is actually rather easy to find the 
constraints when one knows the field content of the theory simply by using dimensional 
analysis. A feature of this approach is that we can examine the field strength even for 
a ten-form potential because an eleven-form need not vanish in the superspace context 
due to the fact that the odd basis differential forms are commutative. 

For the IIB case, the full theory was written down in terms of the usual physical 
fields in [8] and then extended to include the dual forms in [18]; later, in [13], all of these 
plus the eleven-form field strengths were included. The full list of Bianchi identities and 
the non-vanishing components of all of the forms can be found there; here we shall just 
re-examine the eleven-forms. There is a quadruplet F^f 1 which obeys the Bianchi 

dFtf 7 = F 3 (Q F«f 7) , (2.27) 
and a doublet, F-ft, for which the Bianchi identity is 

dFZ = ^ (efuFtFF - \F,F^ . (2.28) 
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Any n-form in superspace can be split up into a sum of (p, g)-forms, where p(q) 
denotes the number of even (odd) indices and where n = p + q. 3 For an n-form field 
strength F, the top component, F n0 , has dimension one, so that the only other ones 
which can be non-zero are F n _ 2i2 and F n _i ; i which have dimensions zero and one-half 
respectively. In a U(l) frame (reached by means of the scalar field matrix V acting 
on the SL(2, R) indices) the dimension-zero component will be a gamma-matrix times 
some internal invariant if appropriate, while the dimension one-half component will be 
proportional to the dilatino. It will be useful to think of the symmetric p-index gamma- 
matrices as (p, 2) forms, written 7 Pi2 , and the product of a gamma-matrix with the fermion 
as a (p, l)-form, written (7 • A) Pi i. For the eleven-forms the dimension-zero and one-half 
components are precisely of this type; the full details can be found in [13]. 

Now we ask if there can be a gauge-trivial doublet of eleven-forms, i.e. an F-ft satis- 
fying dF^ = 0. The first non-trivial component of this identity, at dimension zero, can 
be written 

t F 9 a 2 = , (2.29) 

where to denotes an algebraic operation formed by contracting the even-vector index 
of the dimension- zero torsion, which is proportional to a gamma-matrix regarded as an 
even-vector-valued (0, 2)-form, with one of the even indices of the form being operated 
on, and where all the remaining odd indices are symmetrised. It is quite easy to see that 
there is no non-trivial gamma-matrix identity that satisfies (2.29), so that Fg 2 = 0. But 
then this implies, using the dimension one-half Bianchi, that F" l is also zero, and so the 
whole of F must vanish. 

The component results can be recovered from superspace by observing that a super- 
symmetry transformation can be regarded as a super-diffeomorphism with an odd vector 
field whose leading component (in an odd coordinate expansion) is identified with the 
local supersymmetry parameter in spacetime. It is not difficult to show that the trans- 
formation of a p-form potential is given by the interior product of this vector field with 
the field strength F p+ \. The A terms in the variation come from F p ^ while the gravitino 
terms come from F P;2 . The latter arises because one has to go from a preferred basis to a 
coordinate basis by means of the supervielbein, one component of which is the gravitino. 

3 The Top-forms of IIA Supergravity 

In this section we repeat the same analysis for the IIA case. In [11] the supersymmetry 
transformations for all the forms of the IIA theory were derived, and the closure of 
the supersymmetry algebra was checked at lowest order in the fermions. This analysis 
was performed also in the case of non-vanishing Romans mass, and apart from all the 
propagating forms, it was also done for the 9-form potential, whose field strength is dual 
to the Romans mass, and for a non-trivial 10-form and a trivial one. In this section 
we will reconsider the analysis of the 10-forms, and for simplicity we will consider the 
case of vanishing Romans mass. We will first review the analysis for all the forms up to 
the 10-forms. We will then show that an additional non-trivial 10-form can be included, 
while the closure of the supersymmetry algebra at all orders in the fermions selects two 

3 Note that this splitting is invariant with respect to a class of preferred non-coordinate basis frames. 
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10-forms out of the three that are a priori compatible with supersymmetry at lowest 
order. Finally, we will perform the same analysis in superspace. 



3.1 II A supergravity 

We follow the notation of [9], which is the one also used in [11]. The supersymmetry 
transformations are thus expressed in the string frame, and we use the mostly plus 
signature, as opposed to the one used in the previous section. We denote with C the RR 
fields and with B the NS-NS fields. The RR fields are forms of odd rank, while the NS-NS 
fields are the 2-form, the 6-form and the 8-form. With respect to ref. [11], we perform field 
redefinitions for the 6-form and the 8-form, so that their gauge transformations are in the 
abelian basis as is the case for all the other fields. The resulting gauge transformations 
are 

( 5C//i... / u2n-i = (2n — l)<9[ w A M2i M2n j] — ^ ^ ^ -f^[/ii.../j 3 A At4 ... At2n _ 1 ] , 

^-B/ii-./us = 8d[/ii^/i 2 -/*8] + 21G[ /11/l2 A jll g... /l8 ] — 35G , ^ 1 ...^ 4 A^ 5 ... Mg ] + 7G[ Ml ... M6 A M7 ^ g ] 

+28if [jUl ... jU3 E /i4 ... /i8 ] , (3.1) 

while the corresponding field strengths are 

_ ( 2n \ H r 





■ /i2n 






■M3 = 

















'//2.../U9] 27G[ jU1 ^ 2 C (U3 ... /lg ] + 63G ! [ /11 ... (U4 C jU6 ... jU9 ] 21G ! [ /11 ... /16 C w ... jU9 ] 
+425^...^^...^] . (3.2) 

As in the IIB case, in this basis the supersymmetry transformations have a particularly 
simple form, in which all terms are at most linear in the form fields. The result is 

^C/il...// 2n -l — ^C W ... W „_, + ^ ^ ^C[W---M2n-3^-F , ^2n-2/i2n-l] , 

£-B/ii.../i 6 = ^F-B/ii...// 6 + 3C[ w ... M5 () F C /l6 ] — 10C[ /11 ... /l3 ()i?C /l4 ... /l6 ] + 3C[ Ml OfC^... M6 j , 
^-B/ii.../i 8 = ^F-B/ii.../i 8 — 6C[ Mi ... M7 5fC Ms ] + 28(7^. ..^SfC^...^] — 14C[ /11 ... /X3 5jrC /l4 ... /l8 ] 
-14-B[ /11 ... /16 5fS /17jU8] , (3.3) 
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where as in the previous section we denote with Sp the part of the supersymmetry 
transformation that only involves fermi bilinears, that is 



^^.../an-i = ~( 2n - 1 )e7[Mi...M2„- 2 7nVv 2 „-i] + |e7n7 m ...M 2 n-i A > 

$fB^^ 2 = 2e7n7 [jtil ^ 2 ] , 

5f-B m ... w = 6e~ 20 e7 [Ml ... Mr > Mfi] - e~ 2 *e7 Ml ... M6 A , 

*f-B w ... w = |e~ 2 *e7 m ...^ 8 7iiA . (3.4) 

Given the supersymmetry transformations of the form fields of eq. (3.3), together 
with the supersymmetry transformations of the vielbein and the dilaton 

<5e/ = e7> M , 

5<p = \e\ , (3.5) 

as well as the supersymmetry transformations of the fermions at lowest order in the 
fermions, 

<% = D,e + iH^Tue + ^G up T^T,T n e + ^G^T^T^e , 

5\ = d^Ve - ^H^TnT^e + |e^r n r^e + ^G^Y^e , (3.6) 

it was shown in [11] that the supersymmetry algebra closes at lowest order in the fermi 
fields, provided that the following duality relations hold: 

r< — I 1 \n 1 /X2n+1— Mio/^ 

Ur ^l---M2n — I -"J (10-2n)! ft"* Ur M2n + l---Ml() ' 

H^ 9 = e- 2 ^,..^^ ■ (3-7) 

The fact that we are considering the massless theory in this paper implies in particular 
that Cio vanishes as can be seen from the first equation. The closure of the supersym- 
metry algebra implies in particular that the commutator of two supersymmetry trans- 
formations produces the gauge transformations of eq. (3.1). What will be needed in the 
following is the explicit expression for the purely fermionic parts of the corresponding 
gauge parameters. These are 

A-/il.../i2n — ~~ e ^27/Ul...//2n7ll £ 1 1 

^ = -627117^1 , 

= -e" 2 *e 2 7 Ml ...^ 5 ei . (3.8) 

Note in particular that there is no purely fermionic part in the gauge parameter of the 
8-form potential. 

The analysis of [11] can be extended to include the quartic fermi terms. In particular, 
if one restricts one's attention to all terms that do not contain the spinor A, then the 
modification of the supersymmetry transformations of the fermions in eq. (3.6) and of the 
duality relations of eq. (3.7) are fully determined by supercovariance. We thus replace 
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in such equations the spin connection and the field strengths with the supercovariant 
expressions (again neglecting A contributions) 4 

G>i-M2n = G W ... M2 „ + n{2n - l)e~^[ M1 7 w ...^ T ,_ 1 7? 1 ^ Wta ] , 

= ^i-M7 - 21i/S[ w 7^...M6^7] • ( 3 - 9 ) 

The calculation then proceeds exactly as in the IIB case discussed in the previous section. 
The terms of the form e 2 ip 2 resulting in the commutators of two supersymmetry trans- 
formations on the form fields are the terms resulting from considering only the purely 
fermionic term in the supersymmetry variation of the form field, that is only the first 
term on the right hand side of each line of eq. (3.3), and the terms coming from the 
purely fermionic variation of the form fields in eq. (3.3). The first can be immediately 
written by simply substituting the supercovariant expressions of eq. (3.9) to the bosonic 
result, while the latter are simply read from eq. (3.4). In order to compare the terms, we 
have to perform some Fierz rearrangements. Given that the IIA spinors are not chiral, 
we have to use the Fierz identity 

ex = ~(xO + ^(^0-^7^(rr p,T , (3.io) 

where x an d £ are generic ten-dimensional spinors with opposite chirality, together with 
the Fierz identity of eq. (2.12), which applies when the chirality of the two spinors is the 
same. One can then show that the commutator of two supersymmetry transformations 
produces a supersymmetry transformation with parameter 

C = ~eVv , (3.11) 
where we denote with £^ the parameter of general coordinate transformations 

£ M = £27^1 . (3.12) 
We now want to repeat this analysis for the 10-forms. 



3.2 Ten-form Potentials 

Using the duality relations of eq. (3.7) and the expressions of eq. (3.8), one derives the 
following crucial identities: 

a ft —A C 

A[/Lil.../Li4^MS— A»10] = ^-[m—H6^tJ,7— /iio] 1 

S|/ tl -H AU ... W0 ] = 5 [m 0e~ 2</> e 2 7 M2 ... Mlo ]ei . (3.13) 

Using these identities one can show that the supersymmetry algebra at lowest order in 
the fermions closes on two independent 10-forms transforming non-trivially under gauge 



4 Note that the super-covariant curvature H^...^ does not contain any gravitino squared terms. 
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transformations. The gauge transformations of these 10-forms can be written in the 
abelian base exactly as for the forms of lower rank. They read 

id i nf> y I 135 /~i \ 910^ A 

c '- D /li.../il() — LKJU [^l Zj A 1 2---M10] ~T 2 LJ [M1M2-' V3---^10] Z,1ULT [/il.../16 ii ^7---M10] 

+ ~2~G ! [ jUl ... /l8 A /lg/110 ] — 2^/ii..-Mio-^ ~~ 240iJ[ jUl ...^ 3 E /i4 ...^ 10 ] , 

^-B^i...//io — 10^[/ii^2-/uio] + 315G[ Ml ... M4 A M5 ... mo ] — 525G ! [ Atl ... M6 A M7 .... Atl0 ] 

+135G f [ /11 ... /18 A /lg/110 ] - 3G /11 ... /U10 A — 240if[ (U1 ... /13 E M4 ... /110 ] , (3.14) 
while the supersymmetry transformations in this base are 

<5-B m ... Ml0 = e7 Ml ... mo A — 15(7^. ..^fC^io] + 252(7^. .. (U5 5fC// 6 ... ( uio] 

-180C[ /11 ... /l3 5 F C /l4 ... mo] + 15(7(^^(7^...^] + 905^...^^^^] , 

= e 7Mi-^io^ _ 180(7[ /11 ... /l7 5 F C w ... Wo ] + 630(7[ /11 ... (U6 5 F (7 (U6 ... /110 ] 

-360C , [ m ...^ 3 (5FC , w ... Ml() ] + 30C[ W 5 F C^... Wo ] + 90S [mi . ..^5 f B^ w] . (3.15) 

This analysis thus completes and corrects the one of ref. [11], were only one combination 
of these two 10-forms was found because the identities of eq. (3.13) were basically missed. 
As shown in [9], the supersymmetry algebra at lowest order in the fermions also closes 
on the trivial 10-form D w , whose supersymmetry transformations is 

^V-mo = e~ 2< ^[-10e7 [w ... w ^ 10 ] + 67mi...wo A ] , ( 3 - 16 ) 
and whose gauge transformation is simply SDiq = dA$. 

Before analysing the supersymmetry algebra on these 10-forms at quartic order in the 
fermions, we want to show that the two non-trivial 10-forms are precisely those predicted 
by En. The way to obtain the IIA theory from En was discussed originally in [19]. 
The analysis of all the commutation relations involving the generators up to the 10-form 
generators, as well as the computation of all the gauge transformations and the field 
strengths for all the fields up to the 10-forms, was performed in [17]. We refer to eq. 
(5.1) of that paper for the algebraic conventions. We add to those commutators the ones 
that produce the 10-form generators, which are 

r^>Mi---M5 ^w-.-Mioi _ j^vi—mo \R^i j^^—moj _ 4^11— /*io _|_ 2^ 1 —^ 10 (3 17) 

where R^i-via an d R^i-via are the two independent 10-form generators. If one then 
considers the group element 

g = e A n ... no W>i---no e A n ... no fri---'>w ^ ( 318 ) 

where the A's are the fields associated to each generator, and requires symmetry under 
global transformations of the form g — > g g, one obtains the global transformations of 
the fields. In particular for the 10-forms one gets 

<^4//i.../ii — dfi- L ...iJ, 10 + O[jui.../i 3 -'4.j 1 4.../iio] + a [/li/i2^^3---MK)] ^ a [/il^/i2..-AHo] 

_ 3^[Ml---^3^M4^5^M6^7^8M9 C Vlo] ' 
( ^4/il.../il0 = ^//l.../U10 + 2 a [Ml---M5^M6---Mlo] 20[jUi.../i3-^-|U4.../iio] a [^lM2^M3---/i5^M6---^lo] 

-\-2a[ fJll A f j i2 ___ f j il0 j + 3fl[fi 1 ^ 2 -/14^WW^f7/18^W/'10] 2 a [Ml^M2---M6^M7M8^^9Ml0] (3.19) 
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One then recovers the gauge transformations of the fields by promoting the constant shifts 
to gauge transformations in a way analogous to eq. (2.24). One can show that after field 
redefinitions and redefinitions of the gauge parameters, the transformations of eq. (3.19) 
coincide with two linear combinations of the gauge transformations of eq. (3.14), which 
shows that the two non-trivial ten- form we found are exactly those predicted by En. 

We now repeat for the IIA 10-forms the same analysis that was performed for the 
doublets of 10-forms of the IIB theory. We consider the commutator of two supersym- 
metry transformations on the IIA 10-forms considering all the fermionic terms that are 
quadratic in the gravitino. One can immediately see using the ten-dimensional Fierz 
identities of eqs. (2.12) and (3.10) that the supersymmetry algebra does not close on any 
of the 10-forms transforming under supersymmetry as in eqs. (3.15) and (3.16). One 
only obtains closure by considering a particular combination of each of the non-trivial 
10-forms with the trivial one. The result is that the only two 10-forms compatible with 
supersymmetry are 

-S/ii.../^io — 14.0^ ^ 10 , 

Em-mo ~ 38.0^...^ . (3.20) 

This produces for the IIA algebra the same result that we obtained for IIB in the previous 
section. The closure of the supersymmetry algebra on top-forms at lowest order in the 
fermions is not enough to guarantee closure at the full level. 



3.3 IIA Superspace 

The superspace formulation of IIA supergravity was given in [20] , while most of the forms 
were included in [21, 22]. It was also derived from D = 11 superspace in [23], from which 
paper the conventions in this subsection are taken. The Bianchi identities for the RR 
forms are 

dG 2n +2 = H 3 G 2n (3-21) 

while for the NS forms one has 

dH 3 = 0, 

dH 7 = -G4 — G 2 Gq , 

dH 9 = -H 3 H 7 + ^G 4 G 6 -^G 2 G 8 , (3.22) 

The dimension-zero components of the RR field strengths are proportional to gamma- 
matrices multiplied by in the string frame, while for the NS field strengths one has 
no factor of in the case of H%, a factor of e~ 2< ^ for H7, while the dimension-zero 
component of H 9 vanishes due to the absence of an appropriate symmetric gamma- 
matrix. The dimension one-half components depend linearly on A with the same dilaton 
factors (e^ for H 9 ). 

Now consider the possible eleven-form field strengths. There are two allowable Bianchi 
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identities that can be combined into one: 




10 — 7 




1 



+B(— G2G10 + G^Gs 



(3.23) 



where A and B are real constants. There are also two possible non-trivial dimension zero 
components, proportional to 7^2 and 7^2, where the tilde indicates that a factor of 711 
is present. The second of these requires that both A and B be zero; we shall come back 
to this in a moment. For the first case, if we write 



with K constant, we find that (3.23) is satisfied if 2A + 8B = K, so that there are 
indeed two independent gauge non-trivial eleven-forms. The (10, 1) component of Hu is 
proportional to e _2< ^(7 • A) 10,1 multiplied by a constant depending linearly on A and B. 

Can there also be a gauge-trivial eleven-form? The answer is yes, but that it is 
itself trivial, i.e. exact. The dimension-zero component is proportional to 7^2, and the 
dimension one-half component is proportional to (7 • A)io,i, but the whole form can be 
written as dM 10 , where the only non-zero component of M is M 10 = ei ,o (i-e. e regarded 
as a (10, 0)-form). 

4 Conclusions 

In this work we re-considered our earlier work [11, 12, 13] on top-form potentials in IIA 
and IIB supergravity. We found in both the IIA and IIB case that the gauge-trivial 10- 
form potentials found in our earlier work are excluded by supersymmetry considerations. 
To be precise, they are allowed by lowest-order supersymmetry but in this work we showed 
that this is not enough. By considering higher-order fermionic terms we were able to show 
that gauge-trivial ten-form potentials are forbidden by supersymmetry. The results of 
this paper are confirmed by an independent (IIA as well as IIB) superspace analysis. 
Furthermore, all gauge non-trivial top-form potentials can be derived by a separate -En- 
analysis. This strongly suggests that we finally obtained full control on the top-form 
structure of IIA and IIB supergravity. 

It remains an open question what the precise brane interpretation is of the different 
gauge non-trivial top-form potentials. It is known that in the IIB case the D9-brane 
is part of the quadruplet of 10-form potentials [12]. The situation is less clear for the 
doublet of eq. (2.26) we found in this work. This doublet does not seem to correspond 
to a new set of "(p,q) 9-branes" in the usual sense. This can for instance be seen from 
the fact that it is impossible to write down a kappa-symmetric action for a brane which 
couples to this 10-form potential. The same applies to the IIA case: the two 10-form 
potentials of eq. (3.20) can not lead to a kappa-symmetric brane effective action. An 
interpretation of the 10-form potentials as Lagrange multipliers for the constancy of 
certain gauge parameter functions g(x) seems also out of the question in the absence of 
any known gauged supergravity in ten dimensions. A similar lack of interpretation exists 



# 9 ,2 = -iKe-^m 



(3.24) 
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in the IIA case. This is the least to say intriguing given the fact that most (but not all) 
other p-forms of IIA and IIB supergravity have a brane interpretation. 

It is natural to ask oneself in which sense the results on the top-form structure of 
maximal ten-dimensional supergravity found in this paper can be extended to other cases 
with fewer dimensions and/or supersymmetries. In particular, it would be interesting to 
see whether a general pattern emerges and whether this fits with an extended Kac- Moody 
algebra structure. These and related questions we leave for future research. 
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